A new solution technique is presented for a pure three-dimensional analysis of thick plates through the evaluation of contour-only integrals. It combines the advantages of the finite element method and the boundary element method (BEM), along with a new powerful and versatile method developed by J.T. Katsikadelis, the analogue equation method (AEM), which eliminates the inherent weaknesses of the other two methods. The problem of a thick plate is formulated by means of a total potential energy formulation and by assuming a piecewise continuous distribution of the three displacement components through the plate's thickness. The system, through its thickness, is analysed by introducing numerical layers and developing a one-dimensional finite element model. In each of these layers, the corresponding two-dimensional EulerLagrange equations and accompanying boundary conditions are derived. The resulting boundary value problem is discretised according to the BEM and, eventually, is solved using the AEM. The latter offers the choice of simple and easy-to-use fundamental solutions instead of deriving problem-depended and complicated singular expressions and guarantees the boundary-only character of the solution. The governing equations of the single layer are replaced by Poisson type equations subjected to fictitious loads under the same boundary conditions. These fictitious sources are established through BEM. The developed numerical model, although reduced to contour integrals, maintains all the advantages and salient features of a pure three-dimensional model. The thick plate is discretised through its thickness into one-dimensional finite elements (layers) and each layer's in-plane boundary is discretised into one-dimensional boundary elements.
Introduction
The classical plate theory (Kirchhoff's theory or thin plate theory) yields sufficiently accurate results [1] for many technical applications. There are, however, important problems for which the results are unacceptable. The accuracy of the classical plate theory decreases and its validity is lost with growing thickness, with increasing rate of change of the loading with respect to the coordinates and with increasing Poisson's ratio. It may also result in serious errors regarding the distribution of the internal stresses, especially in the edge zone as well as in the magnitude of the reactions. Also, in classical plate theory transverse shear deformation is neglected. The imperfections of the classical plate theory prompted various authors to develop more accurate theories which take into consideration the shear deformation [2, 3] . Apparently, it would be even more realistic and accurate to analyse thick plates as three-dimensional structures which may have complicated geometry, multiple inclusions, arbitrary loading and type of support conditions, either on the boundary or in the interior.
Three-dimensional structures are governed by the Navier equations of equilibrium and can be analysed numerically either by domain methods (e.g. finite difference method and finite element method) or by the boundary element method (BEM). The latter is more economical than the domain methods, because it requires only boundary discretisation and reduces the spatial dimensions of the problem by one. Furthermore, the BEM is more accurate, because the boundary displacement and traction vectors are calculated with the same degree of accuracy, and once the solution on the boundary has been obtained, displacements, stresses and strains are computed at any point of the domain as accurately as the boundary quantities (continuous functions of the position).
For three-dimensional analysis of plates, a typical application of BEM requires discretisation of the top, bottom and side surfaces, and then evaluation of double integrals over each element. The fundamental solution in this case is the well-known Kelvin's solution in three dimensions. The problem dimensions can be further reduced by producing a fundamental solution that reflects the geometry of the plate, or assuming a priori piecewise continuous distribution of the dependent variables of the problem through the plate thickness [4] . The review of the pertinent research [5] reveals that it is rather cumbersome to evaluate analytically the corresponding fundamental solutions and, in some cases, cannot be readily and efficiently applied to the analysis of plates.
In the present work, the three-dimensional stress analysis of plates is performed in two phases. In the first phase, the displacement field is approximated through the thickness of the plate using predefined Lagrange polynomials, whose degree depends on the required accuracy of the solution, the thickness, the type of loading www.witpress.com, ISSN 1755-8336 (on-line) and the complexity of the contour geometry [5] . A total potential energy formulation based on these displacements produces the new governing equations and boundary conditions of the plate problem, which are expressed now in terms of the two in-plane independent variables [4] . Through this energy formulation, the plate is discretised through its thickness into numerical planes (i.e. each point on the middle plane of the plate is associated to a set of nodal points through the thickness) and the residual (error) related to the displacement approximation is weighed evenly over the domain of the problem. In the second phase, the twodimensional boundary value problem is solved using AEM of J.T. Katsikadelis. According to this method [6] , the governing equations are replaced by equivalent non-homogeneous ones which have known and simple-to-use fundamental solutions. For the problem at hand, these are Poisson's equations. The solution of each substitute equation is obtained as a sum of the corresponding homogeneous solution and a particular one. The non-homogeneous term, which is an unknown fictitious domain source distribution, can be approximated by series of radial basis functions. Applying subsequently the BEM, the displacements and their derivatives involved in the discrete governing equations are expressed in terms of the unknown series coefficients. These coefficients are then established through collocation of the equations at discrete points in the interior of the domain. It is worth pointing out that, if the degree of the Lagrange polynomials which approximate the displacement field through the thickness is n , then there will be ( ) 3 1 m n = + differential equations, and consequently, m different sets of coefficients for each numerical layer.
The proposed method results in expressions for the displacements which involve only contour integrals. Thus, it is a boundary-only method requiring discretisation only on the plate's mid-plane boundary. The additional collocation points inside the domain do not spoil the pure boundary character of the method. The derived integral solution for the displacement components is then used to obtain explicit boundary integral expressions for the stress and strain components at any point in the three-dimensional structure. Numerical results for a wide range of thickness values validate the effectiveness and the accuracy of the method. The proposed hybrid technique, although reduced to contour integrals, provides a simple, efficient and versatile methodology for the three-dimensional analysis of thick elastic plates. The problems of anisotropic composite plates and laminates, plates resting on elastic foundations, delaminations, thermal stresses, vibrations or stability are treatable in an analogous manner.
the system is given as
where i f denotes the applied body forces per unit volume and ˆi t the externally applied tractions on the boundary. In eqn (1) and in the remaining part of this chapter, summation on repeated indices is implied, unless otherwise stated.
The strain-displacement relations for geometrically linear behaviour and the constitutive relations for isotropic materials are
respectively, where , , 1 and substituting eqn (1) it may be written as
which is also called weak form of the differential equations of the problem [5] , namely, the Navier equations.
3 Layerwise governing differential equations
Single-layer model
The thick plate must be divided through its thickness and in the plane into homogeneous and simply connected sub-systems. Since a discretisation of the continuum multi-layered system is inevitable, and the closed-form solution for a single layer is very complex and not efficiently applicable to the case of multiple layers [4] , the most suitable approach is to subdivide the structure into a number of layers through its thickness ( Figure 2 ), which can be viewed as numerical layers with elastic constants and geometry in the 1 2 x x -plane identical to that of the plate, but with different thickness. According to the layerwise theory of Reddy [7] , the displacements are expanded within each layer using the Lagrange family of interpolation functions [8] . The nodal values through the thickness are functions of the in-plane coordinates 1 x , 2 x ( Figure 3 ) and the i -th displacement component of each numerical layer is α α 1 2 ( , , ) The approximations of eqn (5) are substituted into the weak form given by eqn (4) and, then, integration by parts in such a way that 
where the indices , 1,2, , n p N = … represent the element nodes, the subscripts , 1,2 I J = denote the directions 1 x and 2 x , respectively, and all quantities and interpolation functions in eqns (6) and (7) are defined over a typical element.
In the weak form, integrals over the thickness of the typical numerical layer are applied only on the shape functions 3 ( ) n x φ and their derivatives, since these are the only continuous functions of 3 x . Integrals with respect to 3 x of products between the shape functions and their derivatives are the entries of element matrices associated with the one-dimensional finite element model through the thickness of the problem. These matrices are defined in the following way: 
Multi-layered model
Equations (6) are the 3N layerwise governing differential equations for the thick plate problem. They refer to a single layer whose displacement field has www.witpress.com, ISSN 1755-8336 (on-line) been approximated through the thickness with Lagrange interpolation functions of order ( 1) N − . In case of a multi-layered thick plate (Figure 1 ) divided into L layers through the thickness, either physical or numerical, appropriate conditions should hold at the interface between adjacent layers to ensure the displacement continuity and traction equilibrium [5] . Denoting by e the typical layer, these conditions are expressed as (Figure 4) .
The differential equations (6) of the typical layer are combined through the above continuity conditions (10) 
The analog equation method for thick plates
The boundary value problem for a single layer is described by eqns (6) and (7). The multi-layered system is governed by the system of coupled differential equations which is formed by assembling eqns (6) according to conditions (10), www.witpress.com, ISSN 1755-8336 (on-line) along with the assembled boundary conditions produced by introducing eqns (7) into eqns (11) . Both these problems are solved by means of the AEM, which has been developed by J.T. Katsikadelis. Detailed description of the AEM may be found in many of his papers [6, 9] ; however, for completeness of the present work, the method is concisely described here for the case of a single layer, although it is exactly the same for the multi-layered model.
According to the analogue equation concept, eqns (6) 
The fictitious sources are established using the BEM. For this purpose, i b is approximated as ( ) 1 ( 1,2, ,3 ) , 
where ˆj V is a particular solution of
The homogenous solution is obtained from the boundary value problem 2 0 in ,
are prescribed boundary displacements. The domain Ω and the corresponding boundary Γ are assumed to be the same for all the N nodes (see Figures 2 and 5) .
The integral representation of the solution for the differential eqn (17a) is , ,
in which 2 V nr π * = / with | | r P Q = − , and Q ∈ Γ represents the fundamental solution of the Laplace equation, while 1, 1/ 2, 0 c = depending on whether P ∈ Ω , P ∈ Γ , P ∉ Ω ∪ Γ , respectively. The comma denotes differentiation with respect to the subscript that follows, which is n , the normal direction to the boundary Γ . By means of eqns (15) inside Ω ( 1 c = ) may be written as
) d ( 1 , 2 , , 3 ) .
The first and second derivatives for points inside Ω are obtained by direct differentiation of eqn (19), 
where , which are then substituted into eqns (21) and (22) to yield the nodal displacements and their derivatives. The three-dimensional displacement field in the thick plate is computed from eqn (5), the stresses from eqn (3) and the unknown boundary nodal tractions from eqn (7).
Numerical applications
The numerical technique presented in the previous sections of this chapter has been programmed and numerical results for thick or multi-layered plates have been obtained. These results illustrate the applicability, effectiveness and accuracy of the method. The employed approximation functions . The origin of the coordinate system is located at the centre of the body, the axes x and y are parallel to the sides of the plate and the z -axis is perpendicular to its mid-plane. The solution obtained by the proposed three-dimensional layerwise BEM-AEM model is compared with other existing solutions in Table 1 . This table gives the non-dimensionalised central deflection of the plate w for different thickness-to-side ratios, 
which refers to the node on the mid-plane of the multi-layered system and they are also depicted graphically in Figure 7 . The variation of the deflection w along the x -direction of the top and bottom surface of the plate is plotted in Figure 8 . In this case, the thickness of the thick plate is 1.5 m H = and it has been discretised into 16 numerical layers. Finally, Figure 9 shows the deflection w at the 17 nodal points through the thickness which are located on the z -axis, while Figure 10 depicts the deformed configuration in the x -direction of a transverse line segment passing through point ( 10/7,0,0) − of the mid-plane Ω . Excellent results were also achieved by adopting higher order displacements approximations through the thickness (quadratic up to quartic).
The hybrid method developed in this chapter may be applied in its present form to any three-dimensional body with cross-section in the xy -plane constant along the z -axis and independently of its dimension in the z direction. 
